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Abstract
In this paper the existence of mild solutions of a class of semilinear stochastic evolution inclusions
with delays in a Hilbert space is studied. The results are obtained by using a fixed point theorem for
condensing map due to Martelli. The result is illustrated with an example.
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1. Introduction
Random differential and integral inclusions play an important role in characterizing
many social, physical, biological and engineering problems. In recent years, many au-
thors have extensively investigated the existence, uniqueness, stability, invariant measures
and other qualitative behaviors of solutions to differential inclusions. Theory of problems
concerning differential and integral inclusions in deterministic cases may be found in sev-
eral papers and monographs (see, for example, [3,8,10]). A generalization of differential
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P. Balasubramaniam et al. / J. Math. Anal. Appl. 305 (2005) 438–451 439inclusions to ‘stochastic differential inclusions’ called multivalued stochastic differential
equations are obtained by replacing the term g(t) in the differential inclusions
x′(t) ∈ −Ax(t)+ f (t, x(t))+ g(t), x(0) = x0,
by a matrix G times the generalized derivative of the Brownian motion in which A is a
multivalued map, f is a Lipschitz continuous map and g is a locally integrable function.
In this case it is convenient to write, analogously to stochastic differential inclusions as
follows:
dx(t) ∈ −Ax(t) dt + f (t, x(t))dt +G(t) dB(t), x(0) = x0. (1)
Kree [12] and Pettersson [15,16] showed the existence of solutions of (1) for G(t) =
G(t, x(t)), in two different ways. The former used a fixed point argument and the latter
approximation techniques.
Ahmed [1,2] obtained the existence of solutions of nonlinear stochastic differential
inclusions by using semigroup approach and Banach fixed point theorem. Recently Bala-
subramaniam [4] studied the existence of solutions of the following functional differential
inclusions:{
dx(t) ∈ f (t, xt ) dt +G(t, xt ) dB(t), a.e. t ∈ [0, T ],
x(t) = φ(t), t ∈ [−r,0],
by using Kakutani’s fixed point theorem (see [6]) in which G is the set valued map,
{B(t)}t0 is a Brownian motion or Wiener process and φ(t) is a suitable initial random
variable independent of B(t).
In this paper, by using semigroup methods and a fixed point theorem for condensing
map due to Martelli [14], the existence of solutions of the following semilinear stochastic
evolution inclusions with delays in a Hilbert space is proved:

dx(t) ∈ [Ax(t)+ F(x(ρ(t)))]dt + σ(x(τ(t))) dw(t),
t ∈ J = [0, T ], t > 0,
x(t) = φ(t), t ∈ J0 = [−r,0],
(2)
where φ is F0-measurable and A is the infinitesimal generator of a strongly continuous
semigroup of closed linear operator S(t), t  0, on a separable Hilbert space H with inner
product (·, ·) and norm | · |. ρ, τ : [0,∞) → [−r,∞), r  0, are suitable delay functions,
x : [−r, T ] → H and φ :J0 → H is the initial datum such that φ(t) is F0-measurable for
all t ∈ J0, E|φ(0)|p < ∞ and
∫ 0
−r E|φ(s)|p ds < ∞, p  2. Let K be another separable
Hilbert space with inner product (·, ·)K and norm ‖ · ‖K . Suppose w(t) is a given K-valued
Brownian motion or Wiener process with a finite trace nuclear covariance operator Q 0.
Let L(K,H) denotes the Banach space of all bounded linear operators from K into H .
Assume F :H → 2H \ ∅, the space of nonempty subsets of the space H and σ :H →
L(K,H), are two measurable mappings in H -norm and L2(K,H)-norm, respectively.
The paper is organized as follows. In Section 2 we will give some basic notations as
well as some preliminary lemmas which will play essential roles in this paper. Section 3
discusses the main result. An example is presented in Section 4 to illustrate the main theo-
rem.
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In a real separable Hilbert space K , let ω(t), t  0, be a K-valued Wiener process with
mean zero and covariance operator Q with trQ< ∞ (tr denotes the trace of the operator)
defined by
E
〈
ω(t), g
〉〈
ω(s),h
〉= (t ∧ s)〈Qg,h〉, for every g,h ∈ K,
where 〈·, ·〉 denotes the inner product and E stands for integration with respect to prob-
ability measure P . For σ1, σ2 ∈ L(K,H) define 〈〈σ1, σ2〉〉 = tr(σ1Qσ ∗2 ), where σ ∗2 is the
adjoint of the operator σ2 and Q is the nuclear operator associated with the Brownian mo-
tion, where Q ∈ L+n (K), the space of positive nuclear operators in K . Clearly L(K,H)
furnished with the scalar product 〈〈·, ·〉〉 is a pre-Hilbert space. The completion of L(K,H)
with respect to the topology induced by the norm ‖ · ‖2, where ‖σ‖p2 = 〈〈σ,σ 〉〉 is a Hilbert
space with the above norm topology.
Let (Ω,F ,Ft , P ) be a complete probability space furnished with complete family
of right continuous increasing σ -algebras {Ft , t ∈ J } satisfying Ft ⊂ F . Let Lp(Ω,F ,
P ,H) be the space of all pth integrable random variables with values in H , that are mea-
surable with respect to {Ft , t ∈ J }. Let J1 = [−r, T ] and C = C(J1,H) denote the family
of continuous H -valued stochastic processes {ξ(t): t ∈ J1} which are Ft -measurable and
‖ξ‖ < ∞, where
‖ξ‖ = ‖ξ‖C = sup
t∈J1
(
E
∣∣ξ(t)∣∣P )1/P .
It is easy to verify that C furnished with the norm topology as defined above, is a Banach
space.
Definition 2.1. Let A be the infinitesimal generator of a strongly continuous semigroup of
closed linear operators S(t), t  0. Let φ be F0-measurable H -valued stochastic processes
satisfying E|φ|p < ∞, and f ∈ Lp(H) is a selection of F(x(ρ(t))). The function x(t) ∈ C
given by

x(t) = S(t)φ(0)+ ∫ t0 S(t − s)f (s) ds + ∫ t0 S(t − s)σ (x(τ (s))) dw(s),
for a.e. t ∈ J ,
x(t) = φ(t), t ∈ J0,
(3)
is the mild solution of the IVP (2) on J1.
For a Hilbert space H , a multivalued map G :H → 2H is convex (closed) valued,
if G(x) is convex (closed) for all x ∈ H . G is bounded on bounded sets if G(V ) =⋃
x∈V G(x) is bounded in H , for any bounded set V of H (i.e., supx∈V {sup{‖y‖: y ∈
G(x)}} < ∞).
G is called upper semicontinuous (u.s.c.) on H , if for each x∗ ∈ H , the set G(x∗) is a
nonempty, closed subset of H , and if for each open set V of H containing G(x∗), there
exists an open neighborhood N of x∗ such that G(N) ⊆ V .
G is said to be completely continuous if G(V ) is relatively compact, for every bounded
subset V ⊆ H .
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G is u.s.c. if and only if G has a closed graph (i.e., xn → x∗, yn → y∗, yn ∈ Gxn imply
y∗ ∈ Gx∗).
G has a fixed point if there is x ∈ H such that x ∈ Gx.
In the following BCC(H) denotes the set of all nonempty bounded, closed and convex
subsets of H .
A multivalued map G :J → BCC(H) is said to be measurable if for each x ∈ H the
function X :J →R defined by
X(t) = d(x,G(t))= inf{|x − z|P : z ∈ G(t)}
is measurable. For more details on multivalued maps see [9,11].
An upper semicontinuous map G :H → H is said to be condensing [5] if for any
bounded subset V ⊆ H with α(V ) = 0, we have α(G(V )) < α(V ), where α denotes the
Kuratowski measure of noncompactness [5].
We remark that a completely continuous multivalued map is the easiest example of a
condensing map.
Our existence results will be proved using the following fixed point result.
Lemma 2.2 [14]. Let H be a Hilbert space and Φ :H → BCC(H) a u.s.c. and condensing
map. If the set
U = {x ∈ H : λx ∈ Φx for some λ > 1}
is bounded, then Φ has a fixed point.
The following lemma is crucial in the proof of our main result.
Lemma 2.3 [13]. Let I be a compact interval and Y be a Hilbert space. Let F be a
multivalued map which is measurable for each u ∈ H , upper semicontinuous with respect
to u and for each fixed u ∈ H the set
NF,u =
{
f ∈ Lp(H): f (t) ∈ F(u) for a.e. t ∈ J}
is nonempty. Also let Γ be a linear continuous mapping from Lp(I,Y ) to C(I,Y ). Then
the operator
Γ ◦NF :C(I,Y ) → BCC
(
C(I,Y )
)
, x → (Γ ◦NF )(x) = Γ (NF,x)
is a closed graph operator in C(I,Y )×C(I,Y ).
3. Main result
We are now in a position to state and prove our main result for the existence of solutions
of the IVP (2).Let us introduce first the following hypotheses:
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(H2) ρ, τ : [0,∞) → [−r,∞), r  0, are continuous functions such that
−r  ρ(t) t and − r  τ(t) t, for all t  0.
(H3) There exists constants c1, c2  0 such that
E
∣∣σ(u)∣∣p  c1E|u|p + c2, u ∈ H, p  2.
(H4) F :H → BCC(H); u → F(u) is measurable for each u ∈ H , upper semi continuous
with respect to u and for each fixed u ∈ H the set
NF,u =
{
f ∈ Lp(H): f (t) ∈ F(u) for a.e. t ∈ J}
is nonempty.
(H5) E|F(u)|p = sup{E|υ|p: υ ∈ F(u)} η(t)ψ(E|u|p) for almost all t ∈ J and u ∈ H ,
where η ∈ Lp(J,R+) and ψ :R+ → (0,∞) is continuous and increasing with
T∫
0
m(s)ds <
∞∫
c
du
1 + u+ψ(u),
where c = 3p−1Mp‖φ‖p and
m(t) = max{3p−1T p−1Mpepγ tη(t),3p−1T p/2−1Mpc1epγ t ,
3p−1T p/2−1Mpc2epγ t
}
.
(H6) The function σ is completely continuous and for any bounded set V ⊆ H the set
{t → σ(x(τ(t))): x ∈ V } is equicontinuous in H .
Remark 3.1. NF,u is nonempty if and only if the function X :J → R defined by X(t) =
inf{E|υ|p: υ ∈ F(u)} belongs to Lp(J,R).
Theorem 3.2. Assume that hypotheses (H1)–(H6) hold. Then the IVP (2) has at least one
mild solution on J1.
Proof. Transform the problem (2) into a fixed point problem. Consider the multivalued
map Φ :C → 2C defined by
(Φx)(t) =

h ∈ C: h(t) =


φ(t), if t ∈ J0,
S(t)φ(0)+ ∫ t0 S(t − s)f (s) ds
+ ∫ t0 S(t − s)σ (x(τ (s))) dw(s), if t ∈ J ,


where f ∈ NF,x = {f ∈ Lp(H): f (t) ∈ F(x(ρ(s))) for a.e. t ∈ J }.Remark 3.3. It is clear that the fixed points of Φ are mild solutions to (2).
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Step 1. Φx is convex for each x ∈ C.
Indeed, if h1 and h2 belong to Φx, then there exists f1, f2 ∈ NF,x such that for each
t ∈ J , we have
hi(t) = S(t)φ(0)+
t∫
0
S(t − s)fi(s) ds +
t∫
0
S(t − s)σ (x(τ(s)))dw(s),
i = 1,2.
Let 0 k  1. Then for each t ∈ J we have
(
kh1 + (1 − k)h2
)
(t) = S(t)φ(0)+
t∫
0
S(t − s)[kf1(s)+ (1 − k)f2(s)]ds
+
t∫
0
S(t − s)σ (x(τ(s)))dw(s).
Since NF,x is convex (because F has convex values) we have(
kh1 + (1 − k)h2
) ∈ Φx,
completing the proof of Step 1.
We next will prove that Φ is a completely continuous operator.
Step 2. Φ maps bounded sets into bounded sets in C.
Indeed, it is enough to show that there exists a positive constant  such that for each
h ∈ Φx, x ∈ Bq = {x ∈ C: ‖x‖p  q} one has ‖h‖p  .
If h ∈ Φx, then there exists f ∈ NF,x such that for each t ∈ J we have
h(t) = S(t)φ(0)+
t∫
0
S(t − s)f (s) ds +
t∫
0
S(t − s)σ (x(τ(s)))dw(s).
By (H1)–(H3) and (H5) we have for each t ∈ J ,
E
∣∣h(t)∣∣p = E
∣∣∣∣∣S(t)φ(0)+
t∫
0
S(t − s)f (s) ds +
t∫
0
S(t − s)σ (x(τ(s)))dw(s)
∣∣∣∣∣
p
 3p−1E
∣∣S(t)φ(0)∣∣p + 3p−1E
∣∣∣∣
t∫
S(t − s)f (s) ds
∣∣∣∣
p∣
0
∣
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∥∥∥∥∥
t∫
0
S(t − s)σ (x(τ(s)))dw(s)
∥∥∥∥∥
p
2
 3p−1
∣∣S(t)∣∣pE∣∣φ(0)∣∣p + 3p−1E
[ t∫
0
∣∣S(t − s)∣∣∣∣f (s)∣∣ds
]p
+ 3p−1E
{ t∫
0
[∣∣S(t − s)∣∣p∥∥σ (x(τ(s)))∥∥p2 ]2/p ds
}p/2
 3p−1Mpe−pγ tE
∣∣φ(0)∣∣p
+ 3p−1Mp
[ t∫
0
e−γ (t−s) ds
]p−1 t∫
0
e−γ (t−s)E
∣∣f (s)∣∣p ds
+ 3p−1Mp
{ t∫
0
[
e−pγ (t−s)E
∥∥σ (x(τ(s)))∥∥p2 ]2/p ds
}p/2
 3p−1Mpe−pγ tE
∣∣φ(0)∣∣p
+ 3p−1Mp
(
1
γ
)p−1 t∫
0
e−γ (t−s)η(s)ψ
(
E
∣∣x(ρ(s))∣∣p)ds
+ 3p−1Mp
{ t∫
0
[
e−(p−1)γ (t−s)e−γ (t−s)
(
c1E
∣∣x(τ(s))∣∣p + c2)]2/p ds
}p/2
 3p−1Mpe−pγ tE
∣∣φ(0)∣∣p
+ 3p−1Mp
(
1
γ
)p−1
sup
t∈J
ψ
(
E
∣∣x(t)∣∣p)
( t∫
0
e−γ (t−s)η(s) ds
)
+ 3p−1Mp
{ t∫
0
e
−[ 2(p−1)
p−2
]
γ (t−s)
ds
}p/2−1 t∫
0
e−γ (t−s)
(
c1E
∣∣x(t)∣∣p + c2)ds
 3p−1Mpe−pγ tE
∣∣φ(0)∣∣p
+ 3p−1Mp
(
1
γ
)p−1
sup
t∈J
ψ
(
E
∣∣x(t)∣∣p)
( t∫
0
e−γ (t−s)η(s) ds
)
+ 3p−1Mp
[
2γ (p − 1)
p − 2
]1−p/2
(c1q + c2)
t∫
0
e−γ (t−s) ds.Then for each h ∈ Φ(Bq) we have
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+ 3p−1Mp
(
1
γ
)p−1
max
x∈Nq
sup
t∈J
ψ
(
E
∣∣x(t)∣∣p) sup
t∈J
( t∫
0
e−γ (t−s)η(s) ds
)
+ 3p−1Mp
[
2γ (p − 1)
p − 2
]1−p/2
(c1q + c2) sup
t∈J
t∫
0
e−γ (t−s) ds := .
Step 3. Φ maps bounded sets into equicontinuous sets of C.
Let t1, t2 ∈ J , t1 < t2, and Bq = {x ∈ C: ‖x‖p  q} be a bounded set of C.
For each x ∈ Bq and h ∈ Φx, there exists f ∈ NF,x such that
h(t) = S(t)φ(0)+
t∫
0
S(t − s)f (s) ds +
t∫
0
S(t − s)σ (x(τ(s)))dw(s), t ∈ J.
Then we have
E
∣∣h(t2)− h(t1)∣∣p
= E
∣∣∣∣∣S(t2)φ(0)+
t2∫
0
S(t2 − s)f (s) ds +
t2∫
0
S(t2 − s)σ
(
x
(
τ(s)
))
dw(s)
− S(t1)φ(0)−
t1∫
0
S(t1 − s)f (s) ds −
t1∫
0
S(t1 − s)σ
(
x
(
τ(s)
))
dw(s)
∣∣∣∣∣
p
= E
∣∣∣∣∣[S(t2)− S(t1)]φ(0)+
t2∫
0
[
S(t2 − s)− S(t1 − s)
]
f (s) ds
+
t2∫
t1
S(t1 − s)f (s) ds +
t2∫
0
[
S(t2 − s)− S(t1 − s)
]
σ
(
x
(
τ(s)
))
dw(s)
+
t2∫
t1
S(t1 − s)σ
(
x
(
τ(s)
))
dw(s)
∣∣∣∣∣
p
 5p−1
∣∣S(t2)− S(t1)∣∣pE∣∣φ(0)∣∣p + 5p−1E
∣∣∣∣∣
t2∫
0
[
S(t2 − s)− S(t1 − s)
]
f (s) ds
∣∣∣∣∣
p
+ 5p−1E
∣∣∣∣
t2∫
S(t1 − s)f (s) ds
∣∣∣∣
p∣
t1
∣
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∥∥∥∥∥
t2∫
0
[
S(t2 − s)− S(t1 − s)
]
σ
(
x
(
τ(s)
))
dw(s)
∥∥∥∥∥
p
2
+ 5p−1E
∥∥∥∥∥
t2∫
t1
S(t1 − s)σ
(
x
(
τ(s)
))
dw(s)
∥∥∥∥∥
p
2
 5p−1
∣∣S(t2)− S(t1)∣∣pE∣∣φ(0)∣∣p
+ 5p−1T p−1
t2∫
0
∣∣S(t2 − s)− S(t1 − s)∣∣pE∣∣f (s)∣∣p ds
+ 5p−1(t2 − t1)p−1
t2∫
t1
∣∣S(t1 − s)∣∣pE∣∣f (s)∣∣p ds
+ 5p−1
{ t2∫
0
[∣∣S(t2 − s)− S(t1 − s)∣∣pE∥∥σ (x(τ(s)))∥∥p2 ]2/p ds
}p/2
+ 5p−1
{ t2∫
t1
[∣∣S(t1 − s)∣∣pE∥∥σ (x(τ(s)))∥∥p2 ]2/p ds
}p/2
 5p−1
∣∣S(t2)− S(t1)∣∣pE∣∣φ(0)∣∣p
+ 5p−1T p−1
t2∫
0
∣∣S(t2 − s)− S(t1 − s)∣∣pE∣∣f (s)∣∣p ds
+ 5p−1(t2 − t1)p−1
t2∫
t1
∣∣S(t1 − s)∣∣pE∣∣f (s)∣∣pds
+ 5p−1T p/2−1
t2∫
0
∣∣S(t2 − s)− S(t1 − s)∣∣pE∥∥σ (x(τ(s)))∥∥p2 ds
+ 5p−1(t2 − t1)p/2−1
t2∫
t1
∣∣S(t1 − s)∣∣pE∥∥σ (x(τ(s)))∥∥p2 ds.
As t2 → t1 the right-hand side of the above inequality tends to zero, since the com-
pactness of S(t) for t > 0 implies the continuity in the uniform operator topology. The
equicontinuity for the cases t1 < t2  0 and t1  0 t2 is obvious.
As a consequence of Steps 2, 3 and (H6) together with the Arzelá–Ascoli theorem it
is concluded that Φ :C → 2C is a compact multivalued map, and therefore, a condensing
map.
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Let xn → x∗, hn ∈ Φxn and hn → h∗. We shall prove that h∗ ∈ Φx∗, hn ∈ Φxn means
that there exists fn ∈ NF,xn such that
hn(t) = S(t)φ(0)+
t∫
0
S(t − s)fn(s) ds +
t∫
0
S(t − s)σ (xn(τ(s)))dw(s), t ∈ J.
We must prove that there exists f∗ ∈ NF,x∗ such that
h∗(t) = S(t)φ(0)+
t∫
0
S(t − s)f∗(s) ds +
t∫
0
S(t − s)σ (x∗(τ(s)))dw(s), t ∈ J.
Since σ is continuous we have that∥∥∥∥∥
(
hn − S(t)φ(0)−
t∫
0
S(t − s)σ (xn(τ(s)))dw(s)
)
−
(
h∗ − S(t)φ(0)− σ
(
x∗
(
τ(s)
))
dw(s)
)∥∥∥∥∥
p
2
→ 0, as n → ∞.
Consider the linear continuous operator
Γ :Lp(H) → C(J,H),
f → Γ (f )(t) =
t∫
0
S(t − s)f (s) ds.
From Lemma 2.3, it follows that Γ ◦NF is a closed graph operator.
Moreover, we have that
hn(t)− S(t)φ(0)−
t∫
0
S(t − s)σ (xn(τ(s)))dw(s) ∈ Γ (NF,xn).
Since xn → x∗, it follows from Lemma 2.3 that
h∗(t)− S(t)φ(0)−
t∫
0
S(t − s)σ (x∗(τ(s)))dw(s) =
t∫
0
S(t − s)f∗(s) ds,
for some f∗ ∈ NF,x∗ .
Therefore Φ is a completely continuous multivalued map, u.s.c. with convex closed
values. In order to prove that Φ has a fixed point, we need one more step.Step 5. The set U = {x ∈ C: λx ∈ Φx, for some λ > 1} is bounded.
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x(t) = λ−1S(t)φ(0)+ λ−1
t∫
0
S(t − s)f (s) ds
+ λ−1
t∫
0
S(t − s)σ (x(τ(s)))dw(s), t ∈ J.
This implies by (H1)–(H3) and (H5) that for each t ∈ J we have
E
∣∣x(t)∣∣p = E
∣∣∣∣∣λ−1S(t)φ(0)+ λ−1
t∫
0
S(t − s)f (s) ds
+ λ−1
t∫
0
S(t − s)σ (x(τ(s)))dw(s)
∣∣∣∣∣
p
 3p−1E
∣∣λ−1S(t)φ(0)∣∣p + 3p−1E
∣∣∣∣∣λ−1
t∫
0
S(t − s)f (s) ds
∣∣∣∣∣
p
+ 3p−1E
∥∥∥∥∥λ−1
t∫
0
S(t − s)σ (x(τ(s)))dw(s)
∥∥∥∥∥
p
2
 3p−1
∣∣S(t)∣∣pE∣∣φ(0)∣∣p + 3p−1T p−1
t∫
0
∣∣S(t − s)∣∣pE∣∣f (s)∣∣p ds
+ 3p−1T p/2−1
t∫
0
∣∣S(t − s)∣∣pE∥∥σ (x(τ(s)))∥∥p2 ds
 3p−1Mpe−pγ tE
∣∣φ(0)∣∣p
+ 3p−1T p−1Mp
t∫
0
e−pγ (t−s)η(s)ψ
(
E
∣∣x(ρ(s))∣∣p)ds
+ 3p−1T p/2−1Mp
t∫
0
e−pγ (t−s)
(
c1E
∣∣x(τ(s))∣∣p + c2)ds
 3p−1Mpe−pγ tE
∣∣φ(0)∣∣p
+ 3p−1T p−1Mpe−pγ t
t∫
epγ sη(s)ψ
(
E
∣∣x(ρ(s))∣∣p)ds0
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t∫
0
epγ s
(
c1E
∣∣x((τ(s)))∣∣p + c2)ds
 3p−1Mpe−pγ tE
∣∣φ(0)∣∣p
+ 3p−1T p−1Mpe−pγ t
t∫
0
epγ sη(s)ψ
(
E
∣∣x(s)∣∣p)ds
+ 3p−1T p/2−1Mpe−pγ t
t∫
0
epγ s
(
c1E
∣∣x(s)∣∣p + c2)ds.
We consider the function µ defined by
µ(t) = sup{∥∥x(s)∥∥p: −r  s  t}.
Let t∗ ∈ [−r, t] be such that µ(t) = E|x(t∗)|p . If t∗ ∈ J , by the previous inequality we
have for t ∈ J ,
µ(t) 3p−1Mpe−pγ tE
∣∣φ(0)∣∣p + 3p−1T p−1Mpe−pγ t
t∗∫
0
epγ sη(s)ψ
(
µ(s)
)
ds
+ 3p−1T p/2−1Mpe−pγ t
t∗∫
0
epγ s
(
c1µ(s)+ c2
)
ds
or
epγ tµ(t) 3p−1Mp‖φ‖p + 3p−1T p−1Mp
t∫
0
epγ sη(s)ψ
(
µ(s)
)
ds
+ 3p−1T p/2−1Mp
t∫
0
epγ s
(
c1µ(s)+ c2
)
ds, t ∈ J.
If t∗ ∈ [−r,0] then µ(t)  ‖φ‖p and the previous inequality holds, since M  1. De-
noting by v(t) the right-hand side of the last inequality, we have
c = v(0) = 3p−1Mp‖φ‖p, µ(t) e−pγ tv(t), t ∈ J,
and
v′(t) 3p−1T p−1Mpepγ tη(t)ψ
(
µ(t)
)+ 3p−1T p/2−1Mpepγ t(c1µ(t)+ c2)
 3p−1T p−1Mpepγ tη(t)ψ
(
e−pγ tv(t)
)
+ 3p−1T p/2−1Mpc1epγ t e−pγ tv(t)+ 3p−1T p/2−1Mpc2epγ t[ ( )]m(t) 1 + e−pγ tv(t)+ψ e−pγ tv(t) , t ∈ J.
450 P. Balasubramaniam et al. / J. Math. Anal. Appl. 305 (2005) 438–451This implies for each t ∈ J that
e−pγ t v(t)∫
c
ds
1 + u+ψ(u) 
T∫
0
m(s)ds <
∞∫
c
du
1 + u+ψ(u) .
This inequality implies that there exists a constant L such that v(t)  L, t ∈ J ,
and hence µ(t)  L, t ∈ J . Since for every t ∈ J , ‖x(t)‖p  µ(t), we have ‖x‖p =
sup{E|x(t)|p: −r  t  T }  L, where L depends only on T and on the functions η
and ψ . This shows that U is bounded.
Set H = C. As a consequence of Lemma 2.2, we deduce that Φ has fixed point which
is a solution of (2). This completes the proof. 
4. Example
As an application of the above result, consider a one-dimensional rod of length π whose
ends are maintained at 00 and whose sides are insulated. Suppose there is an exothermic
reaction taking place inside the rod with heat being produced proportionally to the tem-
perature at a previous time t − r (for the sake of simplicity, we assume the delay r  0 is
constant). Consequently, the temperature in the rod may be modelled to satisfy

∂u(t,x)
∂t
= ∂2u(t,x)
∂x2
+ hu(t − r, x), 0 < x < π, t > 0,
u(t,0) = u(t,π) = 0, t > 0,
u(t, x) = φ(t, x), t ∈ [−r,0], x ∈ [0,π],
(4)
where h depends on the rate of reaction and φ : [−r,0] × [0,π] →R is a given function.
We observe that, when there is no heat production (i.e., h = 0), the problem (4) has
solutions given by
u(t, x) =
∞∑
n=1
ane
−n2t sinnx,
where r = 0 and φ(0, x) =∑∞n=1 an sinnx.
However, it often occurs that the exothermic reaction can be random. In some cases, this
can be modelled by writing the term hu(t − r, x) in the form (h0 + h1w′(t))u(t − r, x),
where w(t) is real standard Brownian motion, h0 :R→ 2R is measurable with respect to
first argument and for each second argument, it is u.s.c. satisfying Lipschitz continuity and
h1 :R→R is completely continuous. Thus, (4) can be written as

∂u(t,x)
∂t
∈ ∂2u(t,x)
∂x2
+ h0u(t − r, x)+ h1u(t − r, x)w′(t), 0 < x < π, t > 0,
u(t,0) = u(t,π) = 0, t > 0,
u(t, x) = φ(t, x), t ∈ [−r,0], x ∈ [0,π],
(5)
and setting H = Lp(0,π), K =R and A the operator A = d2
dx2
with domain{
dy d2y
}
D(A) = y ∈ H :
dx
,
dx2
∈ H, y(0) = y(π) = 0 ,
P. Balasubramaniam et al. / J. Math. Anal. Appl. 305 (2005) 438–451 451F(u) = h0u, σ(u) = h1u and ρ(t), τ (t) = t − r , the problem (5) can be reformulated as
follows (see Caraballo and Liu [7]):{
du(t) ∈ [Au(t)+ F(u(σ (t)))]dt + σ(u(σ (t))) dw(t), t > 0,
u(t) = φ(t), t ∈ [−r,0]. (6)
One can compute immediately that A generates a strongly continuous analytic semi-
group S(t) and∣∣S(t)∣∣Me−γ t , for all t  0 where γ = M = 1.
Under these assumptions, Theorem 3.2 applies and hence the problem (5) has a mild
solution.
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